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We investigate the stochastic gravitational wave background (SGWB) from cosmic domain
walls (DWs) caused by quantum fluctuations of a light scalar field φ during inflation. Perturbations
of φ remain almost constant after leaving the Hubble horizon. The probabilities of the two domains
depend on the averaged value of φ at each large scale region, leading to large scale perturbations
of DW energy density and large anisotropies in the SGWB. We find that the angular power spec-
trum is scale-invariant and at least of the order of 10−2, which is expected to be detected by future
gravitational-wave (GW) detectors. Since we have not detected primordial GWs yet, anisotropies
of the SGWB could help us to verify the rationality of inflation and determine the energy scale of
inflation.
Introduction. The direct detection of GWs produced
by black hole binary merger events opens a new era of
GW astronomy and cosmology [1]. GW sources may also
exist in the early universe, such as phase transition [2–4],
preheating [5, 6], topological defects [7–10], large ampli-
tude scalar perturbations [11–13]. Large density pertur-
bations inside the Hubble horizon during these physical
process constitute sources producing substantial GWs.
Due to the weakness of gravitational interaction, GWs
produced by those sources can be directly observed by the
GW detectors, and then provide essential clues about the
history of the early universe and the high energy physics
beyond the Standard Model of particle physics.
The Hubble horizon extends many orders of magnitude
after the GW production, so GWs from the early universe
are superposed from a great many individual sources,
forming SGWBs with stochastic propagation directions,
similar to the cosmic microwave background (CMB). Re-
cently, the NANOGrav collaboration claimed a strong
evidence of a stochastic common-spectrum process [14],
which could be interpreted as a SGWB. The energy spec-
trum of SGWBs is not a blackbody spectrum, and the
profiles of the GW energy spectrums receive extensive
investigations as characteristics of different sources [15].
Anisotropies of SGWBs receive more attention recently,
both from the sources [16–19], during propagation [20–
23], most of which are still challenging to observe [24–28].
Different from 10−18Hz primordial GWs which result in
the CMB B-mode polarizations, the peak frequencies of
those SGWBs could be within the sensitivity bands of
various detectors such as aLIGO [29], LISA [30], Taiji [31]
and SKA [32], meanwhile, GW energy density perturba-
tions is at the CMB scales. Since the inflationary energy
scale is too low for the Planck satellite to find primordial
GWs [33–35], anisotropies of SGWBs can also be used as
a probe of inflation.
During inflation there may exist an extra light scalar
field, for example the Higgs field, the string axions. Af-
ter inflation the light field rolls down the potential when
the Hubble parameter becomes smaller than the effective
mass of the field, and accounts for both curvature per-
turbations and entropy perturbations [36–38]. One inter-
esting case is the light field also produces GWs or affects
the GW production process. Quantum fluctuations of
the light field in the early times of inflation can lead to
large scale perturbations of the energy density of the GW
sources, generating anisotropic SGWBs. Since quantum
fluctuations of the extra light field are not constrained
by the 10−5 CMB temperature anisotropies, we have the
opportunity to observe large scale SGWB anisotropies by
GW observers in plan.
In this letter, we focus on the anisotropic SGWB from
cosmic DWs, where the discrete symmetry of the effec-
tive potential is spontaneous broken. At the beginning
of inflation, the initial value of the light scalar φ is arbi-
trary, and in some regions φ crosses the potential barrier
by quantum fluctuations. As the Hubble parameter de-
creases after inflation, φ finally rolls down the potential
and the DWs form. Different from the previous works,
the probabilities of the two domains are unequal, since
the initial value is biased and the Hubble parameter dur-
ing inflation is not much larger than the vacuum expec-
tation value of φ. Perturbations of φ which leave the
Hubble horizon in the first several efoldings cause that
the averaged values in large scale regions deviate from
the initial value of φ, which result in large scale pertur-
bations of the probability ratio of the two domains, the
DW energy density, and the GW energy density. To pre-
vent DWs from overclosing the universe, we apply the
models where one of the vacua is slightly lifted [39, 40],
motivated by the Higgs field models [41, 42], axion mod-
els [43, 44] and supersymmetric models [45, 46]. Depend-
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2ing on the annihilation time of DWs, the peak frequen-
cies of the SGWB could lie within the sensitivity bands of
the GW detectors. In some parameter space, the SGWB
could explain the common-spectrum process observed by
NANOGrav. We find strong anisotropies of at least ∼ 0.1
variations at the CMB scales are predicted by our models
as long as the scalar field is light during inflation, which
could be used as a noval method to probe inflation. We
set c = 8piG = 1 throughout this letter.
GWs from cosmic DWs. Consider a scalar field φ with
an effective potential V (φ) in Einstein gravity, where the
minima of V (φ), φ = ±ν, are separated by the potential
barrier V0 as depicted in Fig. 1. Let φ(z) denote the
static planar DW solution perpendicular to the z-axis in
Minkowski space. The tension of DWs, σ, is obtained by
integrating the energy density (dφ/dz)2/2 + V (φ) along
the direction perpendicular to the wall, which is also the
surface energy density of DWs.
V0
ΔV-ν ν ϕ
V(ϕ)
FIG. 1. The discrete symmetry breaking effective potential
with a biased term.
To prevent DWs from overclosing the universe, one can
lift one of the degenerate vacuum by ∆V , so that DWs
annihilate at time tann ∼ Aσ/∆V [9], where A ≈ 0.8 [47]
is fixed by numerical simulation.
In the previous works, the initial value of φ(x) is ran-
domly set and the probabilities of the two domains are
equal. In this case, the numerical and analytical results
of GWs from DWs at the radiation-dominated era is ob-
tained in Refs. [9, 47]. The energy spectrum of GWs,
ΩGW(k), is proportional to t
2, so most energy in GWs is
produced nearly at tann. Then ΩGW at tann reads
ΩGW,peak (tann) =
˜GWA2σ2
24piH2 (tann)
, (1)
where ˜GW ≈ 0.7 is a constant given by numerical re-
sults [47]. According to Ref. [47], ΩGW(k) scales as k
3
for k < kpeak and k
−1 for k > kpeak.
The peak wavelength is close to the Hubble horizon
size at tann, and then redshifted by the expansion of the
universe, so the peak frequency fpeak and the peak am-
plitude at the present time t0 reads
fpeak =
(
H2(tann)
H20Ωrad(t0)
∗
(
g∗ann
g∗0
)1/3)−1/4
H(tann) ,
ΩGW,peak(t0)h
2 = Ωrad(t0)h
2
(
g∗0
g∗ann
)1/3
ΩGW,peak (tann) ,
(2)
where g∗0 and g∗ann are the effective relativistic degrees
of freedom at t0 and tann, respectively, Ωradh
2 = 4.2 ×
10−5 is the density fraction of radiation at t0, and H0 is
the Hubble constant, H0 = 67.7 km s
−1 Mpc−1 from the
results of Planck 2018 [48].
Anisotropies. Let us then focus on how anisotropies of
the SGWB are generated. Let φ denote the light field
during inflation instead of the inflaton. Quantum fluctu-
ations of φ during inflation lead to perturbations δφ(x)
at super-horizon scales. The initial background value of
φ is set to be φi, while the initial cosmic time ti is defined
by a(t0)H0 = a(ti)Hinf , where a(t0) = 1 and Hinf is the
Hubble parameter during inflation. Let P (φ˜, t) denotes
the probability of φ˜ at t, where φ˜ is the value of spacial
averaged φ inside one Hubble horizon. For the light field
during inflation, P (φ˜, t) reads
P (φ˜, t) =
√
2pi
H3(t− ti) exp
(
− 2pi
2
H3(t− ti) φ˜
2
)
, (3)
which is the solution of the Fokker-Planck equation [49].
During inflation Hinf is almost a constant, so the efold-
ing numbers N(t) ≡ ln(a(t)/a(ti)) can be expressed as
a function of t as N(t) = Hinf(t − ti). Without loss of
generality, setting φi > 0, the probability of φ˜(t) < 0 at
t is
P
(
φ˜ < 0, t
)
=
1
2
erfc
( √
2piφi
Hinf
√
N(t)
)
. (4)
The regions where φ˜ < 0 and φ˜ < 0 fall in different vacua
when the DWs form unless Hinf  ν, so Eq. 4 implies
that the possibilities of the two domains are different.
We define α(t) ≡
√
2piφi
Hinf
√
N(t)
, which is of the order of
0.1. Large scale perturbations of φ result in large scale
perturbations of P (φ˜ < 0, t)1,
δP
(
φ˜ < 0, t,x
)
=
1
2
erfc [α(t)(1 + δφ(x)/φi)]
− 1
2
erfc [α(t)] .
(5)
1Since δφ(x) is caused by quantm fluctuations in the first several
efoldings, N(t) overestimates the efolding numbers. This deviation
is negligible if we focus on anisotropies at large scales.
3Here we emphesize that around x we apply spacial aver-
age at a scale much larger than the wavelength of GWs
but much smaller than the Hubble horizon scale at t0.
Note that no matter the discrete symmetry breaking hap-
pens before or after inflation, Eq. (4) is valid as long as
dV/dφ
3H is negligible. If the effective mass of φ is larger
than H due to the thermal correction term after infla-
tion, the background value of φ starts to oscillate around
the minimum of the potential with the oscillation ampli-
tude decreasing. We find that the probability ratio of the
two domains is still fixed under this situation. Thermal
fluctuations are inside the Hubble horizon before DW
formation and do not affect our results at large scales.
Since the averaged radius of DWs at t is comparable to
the Hubble horizon size at t, the area of DWs is a constant
for each Hubble volume where the averaged value of φ is
negative. Therefore, the energy density of DWs, ρDW, is
proportional to its area in unit volume, ρDW(t) ∝ P (φ˜ <
0, t). Since most of the GW energy is produced nearly
at tann, ΩGW(k) is proportional to the energy density of
the source ρDW at tann,
ΩGW,P (k) = 2P (φ˜ < 0, tann)ΩGW(k) . (6)
If the possibilities of the two domains φ < 0 and φ > 0
are equal, then P (φ˜ < 0, tann) = 1/2 and ΩGW,P (k) =
ΩGW(k).
The averaged comoving radius of DWs at tann is close
to kpeak, which implies N(t) in Eq. (4) and Eq .(5) can be
determined by kpeak. The peak mode leaves the Hubble
horizon when kpeak = a(t)Hinf , and the Hubble constant
satisfies H0 = a(ti)Hinf , so the efolding number for the
peak is
Npeak = ln(kpeak/H0) , (7)
and αp ≡
√
2piφi
Hinf
√
Npeak
.
Taking into consideration the inability of the GW de-
tectors to probe high angular resolution of the SGWB,
we focus on large scale anisotropies of the SGWB. Since
for each k-mode anisotropies of ΩGW(k) are proportional
to perturbations of ρDW at tann, anisotropies are inde-
pendent of k and we omit the variable k in ΩGW(k)
in the following. Perturbations of ΩGW,P is defined
by δΩGW,P (x) ≡ (ΩGW,P (x) − ΩGW,P )/ΩGW,P , where
the overline denotes the spacial average in total space.
δΩGW,P (x) is proportional to large scale perturbations
of φ in the first order
δΩGW,P (x) = c1δφ(x) . (8)
Here coefficient c1 is given by Eq. (5) and Eq. (6),
c1 =
2√
piφi
exp(−α2p)αp
1
2
erfc (αp)
. (9)
Using the approximation erfc(x) ≈ 2√
pi
e−x
2
for x  1,
we have c1 ≈ 2α2p/φi for αp  1.
Analogous to the Sachs-Wolfe plateau for temperature
fluctuations for small multiple l [50], the angular power
spectrum can be expressed in terms of the power spec-
trum of δΩGW(x) by
l(l + 1)Cl =
pi
2
PGW , (10)
where PGW ≡ 〈δΩ2GW〉. Since the angular power
spectrum is frequency independent, combining Eq. (8),
Eq. (9), Eq. (10) and the relation 〈δφ2〉 = H2inf4pi2 , we ob-
tain
l(l + 1)Cl ≈

pi
Npeak
α2p, αp  1,
1
Npeak
, αp  1.
(11)
Npeak must be smaller than 60, so l(l+1)Cl is larger than
10−2. Setting φi near the true vacuum of the potential,
φi and ν are of the same order, so the inflationary scale
can also be derived using Eq. (11), if ν is determined by
the particle physics models.
Examples. 1) Consider the formation of DWs in the
spontaneous breaking of discrete R symmetries discussed
in Ref. [45]. DWs form after the gauge interaction be-
comes strong at the scale Λc, the tension of DWs is
σ ∼ Λ3c . The bias term ∆V is relative to the mass of
gravitinos ∆V ∼ m3/2Λ3c . Choosing the parameters as
Λc = 5 × 1010GeV, φi = 2Hinf and m3/2 = 1MeV, the
GW energy spectrum peaks at f = 1Hz with the peak
value ΩGW,P (t0)h
2 = ×10−11, and the angular power
spectrum l(l + 1)Cl = 0.12.
In Fig. 2 we show the result of ΩGW,P (k, t0)h
2 and
the random realizations of the SGWB. LISA [30] and
Taiji [31] have the ability to detect such SGWB and its
anisotropies.
2) In the presence of monodromy, the discrete sym-
metry of the axion is explicitly broken by a quadratic
term, and the effective potential reads V (φ) = 12m
2φ2 +
Λ4(1−cos(φ/ν)) [55–57]. With the parameters ν = 10−6,
Λ = 3.6 × 10−18, m = 3 × 10−34, φi = Hinf , the tension
of DWs is σ = 4.2 × 10−41, and the peak frequency and
the GW energy spectrum peaks at f = 2.8 × 10−9Hz
with the peak value ΩGW,P (t0)h
2 = 1.6× 10−10, respec-
tively. We find that the common-spectrum process ob-
served by NANOGrav could be interpreted by the SGWB
from DWs at the 68% level. The SGWB produced in
our model could be distinguished from the SGWBs from
other sources [58–65] by characteristic large anisotropies
with the improving sensitivity of pulsar-timing arrays.
Conclusion and discussion. In this letter, we have
investigated the anisotropic SGWB from cosmic DWs
when a discrete symmetry is spontaneously broken and
4DECIGO
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FIG. 2. In the upper panel, the orange line presents
ΩGW,P (k, t0)h
2 in the model discussed in Ref. [45] with the
parameters we choose, using the approximation method in
Ref. [9]. This SGWB can be observed by DECIGO [51],
BBO [52], ET [53] and CE [54]. The lower panel shows the
random realizations of the SGWB using the first 50 l-modes.
the scalar field is light during inflation. Quantum fluc-
tuations of the light scalar field remain constant at su-
perhorizon scales, then induce large scale perturbations
of energy density of cosmic DWs, finally lead to the
anisotropic SGWB. The angular power spectrum in this
scenario is larger than 10−2, which is a distinctive feature
expected to be detected by the GW detectors. Since pri-
mordial GWs are too weak to be detected in low-scale in-
flationary models, observing the anisotropic SGWB pro-
vides a potential way to detect the inflationary energy
scale even though it is several orders of magnitude lower
than the grand unified theory scale.
Since ρDW at large scales is highly suppressed by
P (φ˜ < 0, t), in principle ∆V is not required to prevent
DWs becoming dominant. In this case, ΩGW,P reaches
the maximum when the increase of ΩGW and the decrease
of P (φ˜ < 0, t) in Eq. (6) cancel each other out. However,
the peak frequency is lower than 10−9Hz, otherwise the
GW signal is too weak to be observed. The anisotropic
k−1 slope of ΩGW,P might be detected by SKA.
In the case of Hinf  ν, φ rolls down the potential
and may cross the barrier at φ = 0 when DWs form,
which implies our assumption P (φ˜ < 0, t) equals to the
probability of one domain is violated. The linear ap-
proximation in Eq. (8) will be replaced by a complicated
form and non-Gaussianity arises. Even though the an-
gular power spectrum is weakened and could be smaller
than 10−2, it provides us a good chance to detect Hinf
by the non-Gaussianity and relation between l(l + 1)Cl
and Hinf/ν.
After the DW formation, the scalar field begins to os-
cillate around the minimum of the potential, leading to
a resonant amplification of perturbations of φ inside the
Hubble horizon, which is similar to the preheating sce-
nario. Again relative to the difference between the aver-
aged initial value in each large scale region, the ampli-
fied perturbations of φ will produce an extra anisotropic
SGWB. The profile of ΩGW of such a SGWB contains
useful information about V (φ), which helps us to further
distinguish the particle physics model. For a larger ν,
for example string axions with ν ∼ 1016GeV, these GW
signals are stronger and more likely to be detected.
The light field during inflation also contributes to en-
tropy perturbations, depending on its decay products. In
turn, we can use the detection of the SGWB to constrain
entropy perturbations stronger than the CMB constraint.
In principle, our mechanism is applicable to cosmic
strings. Anisotropies of the SGWB from cosmic strings
record abundant information of the source in a wild
range of scale, detecting the frequency dependent angu-
lar power spectrum will help to reconstruct the potential
and determine the inflationary model by detecting the
slow time evolution of Hinf . We left these interesting
topics in future investigation.
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